Abstract-In this paper, a global finite-time observer is designed for a class of nonlinear systems with non-Lipschitz conditions. Compared with the previous results, the observer designed in this paper is proposed with a new gain update law. By two examples, we show that the proposed observer can reduce the time of the observation error convergence.
I. INTRODUCTION
Consider the problem of observer design for a nonlinear system described by
where x ∈ R n is the state, u ∈ R m is the input, y ∈ R is the output. Unlike in the case of linear system, the observability of nonlinear system depends on the inputs of the system [1] , [2] , [3] . Perhaps for this reason, over the years, several papers have investigated the relationship between nonlinear observability and the existence of nonlinear observers [4] , [5] . With the definition of uniform observability or observability for any input as proposed by [2] , the system (1) can be changed into the following canonical form if it is uniformly observable:             ẋ 1 = x 2 + f 1 (y, u), x 2 = x 3 + f 2 (y, x 2 , u), . . .
Thereafter, many existing results on nonlinear observer design are based on uniform observability. For example, [2] proposed a simple nonlinear observer by a high gain method, a nonlinear observer was designed in [6] for nonlinear systems with a triangular structure and so on. A common assumption for the observer design of system (2) is the Lipschitz condition in the nonlinear terms as discussed in the works [7] , [8] , [9] and references therein. Based on the finite-time stability and homogeneity theory of nonlinear systems [10] , [11] , several kinds of finite-time observers for nonlinear systems were developed. For example, [12] introduced a finite-time observer with application to secure communication. Then, a class of semi-global finite-time observers were developed in [13] for single output nonlinear system which is uniformly observable and globally Lipschitz.
For the same kind of nonlinear systems, [14] and [15] proposed two different kinds of global finite-time observers by a gain update law and a dedicated high gain method, respectively. Compared with Lipschitz nonlinear systems, the observer design or output feedback problem for non-Lipschitz nonlinear system is exceptionally challenging and much more difficult. Previously, much research work has been focused on the output feedback control for different kinds of nonlinear systems under various non-Lipschitz conditions imposed on the nonlinear terms [16] , [17] , [18] , [19] . One of the common assumptions is that nonlinear systems should be in an output feedback form [16] , [17] or a triangular form with certain growth conditions [18] , [19] . Another assumption is that the nonlinear terms are nonlinearly output dependent [20] , [21] , where [20] gave global high-gain-based observer and backstepping controller for nonlinear systems with output dependent upper diagonal terms while global asymptotic stabilization was studied in [21] for nonlinear systems with the nonlinear terms admitting an incremental rate of the measured output. Then, homogeneity in the bilimit as well as a new recursive observer design procedure were exploited in [22] . Based on the tool of homogeneity in bi-limit developed by [22] , [23] proposed a high gain observer which incorporates a gain update law for a class of non-Lipschitz systems. Motivated by [22] and [23] , [24] gave the correct proof of of the convergence of observation error and a semi-global finite-time observer was designed for systems (2) with nonlinear terms f i (·) (i = 2, . . . , n) satisfying the following conditions:
where
. . , n), the rational powers of the incremental terms satisfy
where q > n is a positive number). Then, based on [25] , a new kind of continuous homogeneous Lyapunov function [26] , [27] and semi-global finite-time observers and asymptotical finite-time observers were designed for system (2) with condition (3) with a better lower bound of the rational powers problem of global finite-time observer design for system (2) with condition (3). We will show that under the same rational powers
, global finite-time observers exist with a new gain update law, which is the novelty of this paper. Compared with the observer designed in [28] , which is with two homogeneous terms: one degree less than 1 and the other degree greater than 1, the global finite-time observer proposed here is with only one homogeneous term which is the same form as the semiglobal finite-time observer designed in [27] while with a new gain update law where another two new items are introduced based on the dynamic high gain used in [27] and [28] . Moreover, through two examples, we will show that the convergence time of the observation error of the observer proposed in this paper is much shorter than that in [28] although the amplitude of the observation error curve is a little greater.
The rest of the paper is organized as follows. In section 2, our main result, a global finite-time observer is designed for system (2) with condition (3) . Two examples are given in section 3, which highlight the performance of the proposed observer and some comparisons are made with the results in [28] . Finally, the paper is concluded in section 4.
II. GLOBAL FINITE-TIME OBSERVERS FOR NONLINEAR SYSTEMS
In the following, we will consider the global finite-time observer design problem for system (2) with condition (3).
For exactly the same kind of nonlinear non-Lipschitz system, [27] presented a semi-global finite-time observer of the following form:
with the observer gain L being dynamically updated bẏ
, and a i > 0 (i = 1, . . . , n) are the coefficients of the Hurwitz polynomial
and
where α ∈ (1 − 1 n−1 , 1). And the rational power β ij satisfies
In this paper, we will prove that the observer of the form (4) with the following dynamic gaiṅ
is a global finite-time observer of system (2) with condition (3), where ϕ 1 , ϕ 2 > 1, ϕ 3 , ϕ 4 , ϕ 5 are five positive numbers, m is a positive number satisfying
Ψ(u, y,x) is the same as that in (5). The dynamics of the observation error e = x −x is given by
Similarly, like what was done in [13] , [26] , [27] , consider the change of coordinates
where 0 < σ < 1 will be given later. Then (10) can be expressed as
. In the following, we will introduce three lemmas. One is for the gain update law. Another is about the rational power β ij given in (3), and the third gives a sufficient condition of finite-time stability.
Lemma 2.1: For the observer gain L(t) in (10), there
The proof is simple, thus omitted here. Lemma 2.2: 
where c > 0 is a real number,α ∈ (0, 1). Then, the origin is a finite-time stable equilibrium of system (11) . Moreover, the settling time T (x) satisfies
and T is continuous on U.
origin is a globally finite-time stable equilibrium of system (11) . First, let us consider the following system
For system (12) , from [27] , we have the following lemma. Lemma 2.4: [27] For system (12) , a Lyapunov function
(i) The system (12) is finite-time stable. Furthermore, construct the following homogeneous function
whereV (ε), P, D 1 are given in (13) and (14), q > 0 is an
is a positive definite function homogeneous of degree q with respect to the weights
where γ = q+α−1 q . The following is our main result. Theorem 2.1: If
n < α < 1 and 0 < σ < 1 such that the system (4) with the observer gain (8) is a global finite-time observer for the nonlinear system (2) under the condition (3).
Proof:
Under the condition that 1 − (14) , 0 < σ < 1 (which will be given later), we will use the homogeneous Lyapunov function V (ε) as defined in Lemma 2.4.
For ε ∈ R n , calculating the derivative of the Lyapunov function V (ε) defined in (15) along the solution of system (11), from Lemma 2.4, we have
Then, by Lemma 4.2 [11], we have
TueB2.2
The proof is divided into two parts: ε ∈ R n \ Ω and ε ∈ Ω, where part I consists of two small parts ε ∈ B 1 \ Ω and ε ∈ (R n \B 1 )\Ω , respectively. When ε ∈ B 1 \Ω, we get
Thus, from these two small parts, we obtain
for all ε ∈ R n \Ω. Then for ε ∈ Ω, it can be verified that the non-trivial solution of system (11) can only pass through Ω finite times. Thus, we obtain the global finite-time stability of system (11).
Part I: 1. For ε ∈ B 1 \ Ω, from (16) and (17), we have
where (16) and (17), we have
and |ε
Then, from (20) and (21), we have
c1δ m . Thus, combining part 1 and 2, from (19) and (23), we have
for ε ∈ R n \ Ω. Part II: When ε ∈ Ω, let ε(t, t 0 , ε 0 ) denote a non-trivial solution of system (11) . As what was done in [24] , in the following, we will verify that there does not exist such t 2 > t 1 ≥ t 0 that ε(t, t 0 , ε 0 ) stays on Ω in the interval (t 1 , t 2 ). We will prove it using a contradiction argument. Suppose there exists such interval that ε(t, t 0 , ε 0 ) can stay on Ω. Then, from the first equation of system (11), we can derive ε 2 = 0 on (t 1 , t 2 ). Then, from the second equation, we can obtain ε 3 = 0 on (t 1 , t 2 ). Then following the same steps, we have
, which is a contradiction. Thus, ε(t, t 0 , ε 0 ) can only pass through Ω. Let t k denote the time when ε(t, t 0 , ε 0 ) passes through Ω. From (24), we have
Integrate both sides of (25), we have
Here, we still use the contradiction argument to prove that t k is a finite sequence. If t k is not a finite sequence, then we have t n −→ +∞ as n −→ +∞. And we can get that the left side of (26) approaches to zero while the right side of (26) TueB2.2 approaches to −∞, which is a contradiction. Thus, t k is a finite sequence. Therefore, there exists a T 1 such that (24) holds for all ε ∈ R n (t > T 1 ). Thus, by combining part I and part II and by Lemma 2.3, we get the global finite-time convergence of the observation error ε i (i = 1, . . . , n) . The settling time ≤ n) , i.e., the system (4) with update gain (8) is a global finite-time observer for system (2) with condition (3).
This completes the proof.
III. EXAMPLE
Example 1 Consider the same nonlinear system as in [28] 
2 , where the following non-Lipschitz condition holds:
Following the results in this paper, a global finite-time observer is designed as
while the global finite-time observer designed in [28] is as follows
In order to illustrate the performance of systems (27) and (28) From the simulations as shown in Figure 1 and Figure 2 , we can see that the convergence time of the observation error of system (27) is less than that of system (28) although the amplitude of the curve is a little greater. (27) and (28) under condition II Example 2 Consider the following nonlinear system
It can be verified that |x From this paper, a global finite-time observer can be designed as follows
while following from the results in [28] , a global finite-time observer can be designed as
Similarly to example 1, in order to compare the difference between system (29) and system (30) more precisely, here we evaluate system (29) and system (30) from the following two different conditions. Figure 3 and Figure 4 , we get the same conclusion as example 1: the observer designed in this paper can indeed reduce the convergence time although it can enlarge the amplitude of the observation error.
IV. CONCLUSION
A global finite-time observer was designed for a class of nonlinear non-Lipschitz systems with rational powers imposed on the incremental nonlinear terms. Compared with the previous global finite-time results, the observer was given with a new gain update law. Through two examples, we showed that the observer proposed in this paper can reduce the convergence time of the observation error. Similarly, like what was done in [26] , [27] and [28] , this result can also be extended to nonlinear system (2) with non-Lipschitz conditions where the nonlinear terms are with mixed rational powers.
